In this short note, we show an analogue of Dawsey's formula on Chebotarev densities for finite Galois extensions of Q with respect to the Riemann zeta function ζ(ms), m 2. Her formula may be viewed as the limit version of our formula as m → ∞.
Introduction and statement of results
Let ζ(s) = ∞ n=1 1 n s be the Riemann zeta function and µ(n) be the Möbius function defined by µ(n) = (−1) k if n is the product of k distinct primes and is zero otherwise. It is well-known (e.g., [5] ) that the prime number theorem is equivalent to
or equivalently,
Let p(n) be the smallest prime divisor of n. Let k 1, ℓ be integers and (ℓ, k) = 1. In 1977, Alladi [2] proved that
In 2017, Dawsey [4] generalized formula (3) to the setting of Chebotarev densities for finite Galois extensions of Q. That is, for any conjugacy class C in the Galois group G = Gal(K/Q) of a finite Galois extension K of Q, we have
where
for unramified prime p and
is the Artin symbol for Frobenius map.
Alladi's result (3) is the special case of (4) when K = Q(ζ k ) and C = the conjugacy class of ℓ.
In this note, we give an analogue of Alladi's and Dawsey's results relating to ζ(ms) for any integer m 2. Let λ m (n) be the multiplicative function defined
That is, 
for all ε > 0, see Theorem 4.18 [3] . One can also verify that the prime number theorem is equivalent to
Like Alladi's result (3), we get that
for (ℓ, k) = 1. As [4] , Eq. (8) is implied by the following main theorem.
Theorem 1.1. Let K be a finite Galois extension of Q with Galois group G = Gal(K/Q). Then for any conjugacy class C ⊆ G, we have
and Dawsey's results may be viewed as the limit version of (8) and (9).
Remark 1.3. In 2019, Sweeting and Woo [7] generalized (4) to finite Galois extensions of number fields. One may also generalize (9) to number fields.
For the proof of Theorem 1.1, we shall use a prime divisor function P m (n) which will be defined in section 2 to estimate the difference between the partial sums of (4) and (9). As a result, P m (n) is very close to the largest prime divisor function P (n) and satisfies Alladi's duality property. Then we can apply
Dawsey's result in [4] .
Duality of prime factors
Lemma 2.1 (Duality Lemma). For any arithmetic function f (n) with f (1) = 0,
where p(1) = 1 and P m (n) is the largest prime factor of n of order ≡ 0(mod m)
and is 1 if n is a perfect m-th power.
Proof. Let
where 3 Proof of Theorem 1.1 Theorem 3.1 ([6]). Let P (n) be the largest prime divisor of n. Then for r > −1,
where log k x = log(log k−1 x) is the k-fold iterated natural logarithm of x and g r (x) = log 3 x + log(1 + r) − 2 − log 2 2 log 2 x 1 + 2 log 2 x − (log 3 x + log(1 + r) − 2)
Corollary 3.2. There exists some constant C m such that
and n x Pm(n) =P (n)
where c > 0 is a positive constant.
Proof. Equation (13) follows by the case r = 0 in Theorem 3.1.
Put e(x) = n x Pm(n) =P (n)
1. Then (14) can be deduced by (13) as follows
Remark 3.3. Due to this corollary, P m (n) inherits a lot of properties of P (n).
For example, one can get a version of Theorem 3.1 for P m (n). Another example we would like to mention is that P m (n) is equi-distributed (mod k) for k 2 by
Now we prove the Theorem 1.1 by showing the following theorem. 
where c is a positive constant.
Proof. Here we follow the ideas in the proof 2 of Theorem 4 [2] and the proof of Theorem 1 [4] .
Define f (n) by
As [2, (2.35) ], by Möbius inversion formula and Duality Lemma 2.1 we have
It follows that the difference between the partial sums on λ m and µ is
we get that
This implies that
For S 1 , by (14) in Corollary 3.2,
Similar to (20) and by (18) again, we get that (8) and (9) for functions (−1) ω(n) and (−1) A(n) , where ω(n) = p α ||n 1 is the prime divisor counting function and A(n) = p α ||n αp is the additive prime divisor function which was introduced by Alladi and Erdös [1] in 1977. This is mainly due to the duality lemma 2.1 for (−1) ω(n) and (−1)
holds on the numbers n satisfying P (n)||n and P (n) 3.
